We present the results of about a decade of efforts toward building an empirical mass distribution for hot B subdwarf stars on the basis of asteroseismology. So far, our group has published detailed analyses pertaining to 16 pulsating B subdwarfs, including estimates of the masses of these pulsators. Given that measurements of the masses of B subdwarfs through more classical methods (such as full orbital solutions in binary stars) have remained far and few, asteroseismology has proven a tool of choice in this endeavor. On the basis of a first sample of 15 pulsators, we find a relatively sharp mass distribution with a mean mass of 0.470 M , a median value of 0.470 M , and a narrow range 0.441−0.499 M containing some 68.3% of the stars. We augmented our sample with the addition of seven stars (components of eclipsing binaries) with masses reliably established through light curve modeling and spectroscopy. The new distribution is very similar to the former one with a mean mass of 0.470 M , a median value of 0.471 M , and a slightly wider range 0.439−0.501 M containing some 68.3% of the stars. Although still based on small-number statistics, our derived empirical mass distribution compares qualitatively very well with the expectations of stellar evolution theory.
Introduction
The B subdwarf (sdB) stars are hot (20 000 K < ∼ T eff < ∼ 40 000 K), compact (5.0 < ∼ log g < ∼ 6.2), evolved stars that find themselves on the so-called extreme horizontal branch (EHB), a high temperature extension of the normal horizontal branch (Heber 1986; Saffer et al. 1994) . They are believed to be core He-burning objects with masses in a narrow range centered around 0.47 M . They surely evolved from the red giant branch (RGB), but they lost so much of their H-rich envelope that they cannot ascend the asymptotic giant branch (AGB) after core helium exhaustion (see, e.g., Dorman et al. 1993 ). Instead they veer to the left in the Hertzsprung-Russell diagram and eventually collapse as low-mass white dwarfs after going through a very hot phase associated with He-deficient sdO stars.
The sdB stars are particularly interesting from the point of view of the theory of stellar evolution because they constitute one of the last gray zones of that theory. Indeed, while we are quite certain of the ultimate fate of sdB stars as white dwarfs, we still do not know how to "make" them, at least in their details (see, e.g., the excellent review presented by Heber 2009 ). On this account, a number of formation scenarios have been proposed, from single star evolution with enhanced mass loss at the tip of the RGB (Castellani & Castellani 1993; D'Cruz et al. 1996) to various binary evolution channels such as common envelope Chargé de recherches, Fonds de la Recherche Scientifique.
evolution, stable and unstable Roche lobe overflow, and mergers (Mengel et al. 1976; Han et al. 2002 Han et al. , 2003 . These various scenarios leave distinct signatures on the mass distribution. For instance, single star evolution predicts a very narrow range of possible masses, between about 0.41 M and 0.52 M according to Dorman et al. (1993) , while binary evolution also predicts a rather sharply peaked distribution while allowing for significant wings extending down to about 0.3 M and up to about 0.8 M according to Han et al. (2003) .
Standard measurements of a fundamental parameter such as the total mass have remained exceedingly rare for sdB stars despite the facts that 1) well over a thousand have now been spectroscopically identified; and 2) a majority of them belong to binary systems (see, e.g., Allard et al. 1994; Green et al. 1997; Maxted et al. 2001; or Lisker et al. 2005 ). This unfortunate situation is well explained in For et al. (2010) . For example, as of a decade ago, only two such measurements were available: a value of M = 0.48 ± 0.09 M was obtained by Wood & Saffer (1999) for the hot subdwarf component of the sdB+dM eclipsing system PG 1241−084 (HW Vir) through spectroscopic techniques, while a value of M = 0.511± 0.049 M was inferred by Orosz & Wade (1999) through light curve modeling and spectroscopy for the hot subdwarf component of the ellipsoidal variable eclipsing binary star KPD 0422+5421 made of a sdB and an invisible white dwarf (WD). Progress on this front has nevertheless been made, especially in the last few years, and masses have A&A 539, A12 (2012) now been estimated for some 11 sdB stars belonging to binary systems through such methods (see below).
In the meantime, our group has exploited the vast asteroseismological potential of pulsating sdB stars (see, e.g., the recent review of Charpinet et al. 2009 , on this topic), starting with the initial study of the short-period, p-mode pulsator PG 0014+067 presented in Brassard et al. (2001) . Among other structural parameters inferred in that analysis, a mass of M = 0.490 ± 0.019 M was derived for PG 0014+067. Detailed asteroseismological exercises of the kind are quite time-consuming and require important computer resources. Nevertheless, we patiently and meticulously analyzed several other pulsators over the years while perfecting our method, and we have now published results on 16 pulsating sdB stars. Most are p-mode pulsators (a class discovered at the South African Astronomical Observatory and officially referred to as the V361 Hya stars; Kilkenny et al. 1997 ), but we were recently able to begin exploiting successfully the more numerous long-period, g-mode pulsating sdB stars (another class of oscillating stars discovered at the Steward Observatory and referred to as the V1093 Her stars; Green et al. 2003) . As discussed in Randall et al. (2006a) , the latter have proved impractical to exploit from the ground because of their relatively long periods (2000−9000 s, typically) and their relatively low amplitudes (a few millimags). Thanks to the advent of space-borne photometers such as CoRoT and Kepler, however, suitable data have become available. We thus recently derived asteroseismological inferences (including measurements of the mass) for three sdB g-mode pulsators: KPD 0629−0016 (Van Grootel et al. 2010c ) from CoRoT photometry, KPD 1943+4058 (Van Grootel et al. 2010b ) and KIC02697388 (Charpinet et al. 2011) from Kepler data.
Our confidence in the forward asteroseismological method that we have been using to study sdB stars received a formidable boost when we compared our estimates of mass and radius with those obtained completely independently from light curve modeling in the case of PG 1336−018 (see Charpinet et al. 2008 ). The latter is a rather remarkable (and very rare) system consisting of a sdB+dM binary star undergoing spectacular eclipses, while the sdB component pulsates in p-modes of the V361 Hya type. A detailed study of the light curve of the system -suitably cleansed of the "annoying" short-period oscillations due to pulsations -was carried out by Vuckovic et al. (2007) , leading to three possible solutions that could not be formally discriminated between themselves. Model I of Vuckovic et al. (2007) led to the following estimates of the mass and radius of the sdB star, M = 0.389 ± 0.005 M and R = 0.14 ± 0.01 R , Model II led to M = 0.466±0.006 M and R = 0.15±0.01 R , and Model III led to M = 0.530 ± 0.007 M and R = 0.15 ± 0.01 R . In a parallel and independent effort, Charpinet et al. (2008) rather exploited the pulsation data for PG 1336−018, ignoring completely the other characteristics of the light curve, and obtained a unique seismic solution characterized by M = 0.459 ± 0.005 M and R = 0.151 ± 0.001 R , along with other derived parameters on the sdB component. In effect, the seismic approach of Charpinet et al. (2008) allowed the identification of the "correct" solution among the three possibilities obtained through light curve modeling, but, more importantly, it provided a first independent test that our method is sound and free of significant systematic effects that could have plagued it. In essence, the results reported by Charpinet et al. (2008) constitute a proof of concept for our asteroseismological method. To our knowledge, such a test has seldom been available for other types of pulsating stars.
In what follows, we first present two samples of sdB stars for which measurements of the total mass are available. We will retain 15 objects (out of 16) in our sample of sdB pulsators for which we have carried out so far detailed asteroseismological investigations. While this number is relatively small, it does represent about a decade of efforts and, quite importantly, has the merit of being highly homogeneous. The second sample combines together the estimates of sdB masses currently available in the literature and derived from more classical methods such as light curve modeling and spectroscopy. There are 11 stars in that sample but, unfortunately, not all of them are useful for a study of the mass distribution of sdB stars because uncertainties on the derived mass have not always been provided. We will retain seven objects from that second source, thus obtaining a total population of 22 stars from which an empirical mass distribution is derived. We finally present a brief discussion, including a qualitative comparison with the expectations of stellar evolution theory.
Available samples

The asteroseismological sample
We have compiled in Table 1 the results published so far on the asteroseismology of sdB stars. For each target, and among other derived parameters, we list the inferred values of the surface gravity, effective temperature, total mass, and fractional mass of the outer H-rich envelope, we indicate what kind of modes (p or g) were exploited, we also indicate the known binaries, and we provide the reference to the paper in which the asteroseismological analysis was presented. Given that the mechanical structure of B subdwarfs is such that the pulsation periods are particularly sensitive to variations in surface gravity and much less so to variations in effective temperature (see, e.g., Charpinet et al. 2002a) , it turns out that more accurate values of log g can be derived from asteroseismological means than spectroscopic methods for these stars. Conversely, asteroseismology provides less accurate estimates of T eff than spectroscopy can, and, therefore, we retained the spectroscopic values of the effective temperature in Table 1 . Note that, in all our exercises, we made sure (either by construction or after-the-fact) that the inferred values of log g and T eff through asteroseismology were consistent with the estimates obtained independently using spectroscopy.
Several stars in Table 1 deserve comments, particularly those with multiple entries. For instance, we applied for the first time our then newly-developed approach to the quantitative asteroseismology of sdB stars to PG 0014+067 as reported in Brassard et al. (2001) . A reanalysis of the same star, but based on a more extended data set, was presented later by Charpinet et al. (2005a) . In both cases, we used our so-called second generation (2G) models as described in Charpinet et al. (1997) . subsequently developed the models that we now routinely use, the third generation (3G) models, with the specific purpose of rendering the equilibrium structures suitable for detailed analyses of not only p-mode variables but of g-mode pulsators as well (which the 2D models could not represent very well). In a very important test, they demonstrated that the use of either 2G or 3G models as applied to a p-mode pulsator gives the same results, thus establishing that inferences obtained previously on the basis of 2G models for p-mode pulsators remain reliable. Table 1 shows that the results of -who used the same data set on PG 0014+067 as Charpinet et al. (2005a) , but 3G instead of 2G models -are essentially the same as those obtained by the latter authors. Given this, and the fact that did not provide an error analysis in their paper, we have retained the value Table 1 of Van Grootel et al. (2008a) . In the light of the still unpublished results of a recent extended observational photometric campaign on Feige 48, we are forced at this stage to question the reality of this "triplet", however. For the present needs, we prefer the earlier estimate of the mass provided by Charpinet et al. (2005c) , which does not depend on whether or not a f 4 triplet exists in the light curve of Feige 48. Billères & Fontaine (2005) analyzed the p-mode pulsator EC 05217−3914 in the same manner as in the previous studies, but could not find time to produce an error analysis. In the context of the present paper, we went back to their results and followed the same recipe as that proposed by Brassard et al. (2001) to estimates the uncertainties on the various inferred parameters. Specifically, we find that EC 05217−3914 is characterized by log g = 5.730 ± 0.008, T eff = 32 000 ± 1800 K, M = 0.490 ± 0.020 M , and log M env /M = −3.00 ± 0.20. These values are reported in Table 1 .
For the sake of completeness, we provided in Table 1 the results of the (so far) unsuccessful attempts that have been made to derive a convincing seismic model for PG 1605+072. This is the only pulsating sdB star that has resisted interpretation as of now. Part of the difficulty must certainly be related to the fact that it is a most unusal object, a large amplitude variable showing a very rich pulsation spectrum, possibly containing a large number of nonlinear components. At this time, it is not even clear, on the basis of the asteroseismological data available, if the star rotates rapidly or not (see Van Grootel et al. 2010a ). The various estimates of the total mass of PG 1605+072, as summarized in Table 1 , are conflicting with each other and, consequently, we have not retained that star in our analysis.
Finally, Charpinet et al. (2011) have recently proposed two very similar seismic models for the g-mode pulsator KIC02697388, a newly-discovered variable sdB star in the Kepler field. Model I is characterized by values of log g = 5.489 ± 0.033, T eff = 25395 ± 225 K, M = 0.463 ± 0.009 M , and log M env /M = −2.30 ± 0.05, while Model II is defined by the values of log g = 5.499 ± 0.049, T eff = 25 395 ± 225 K, M = 0.452 ± 0.012 M , and log M env /M = −2.35 ± 0.05. For our present needs, it was deemed sufficient to simply take the average of these data, leading to a star with the following estimated values of log g = 5.492 ± 0.041, T eff = 25 395 ± 225 K, M = 0.459 ± 0.011 M , and log M env /M = −2.33 ± 0.05.
With the exclusion of PG 1605+072, we end up with a sample of 15 stars. Their locations in the log g-T eff diagram are illustrated in Fig. 1 by the open circles. Note that the size of a circle is a logarithmic measure of the fractional mass contained in the H-rich envelope of the associated seismic model. Note further that with the recent addition of the three g-mode pulsators in the sample (KPD 1943+4058, KPD 0629−0016, and KIC02697388) which are typically characterized by lower values of T eff , our sample of stars covers rather well the domain in which sdB stars are found in general. Clearly, however, we are still within the realm of small-number statistics. We further point out that four stars in our sample of 15 pulsators are known to belong to binary systems (Feige 48, PG 0048+092, EC 20117−4014, and PG 1336−018) . The other objects either show no sign of binarity or have not yet been observed sufficiently well to decide on the issue. We recall, in this context, that binarity has no incidence on pulsations (Billères et al. 1997 ).
The extended sample
With the help of the very useful compilation made by For et al. (2010) along with additional searches in the literature, we have put together Table 2 which summarizes what is currently known about sdB masses on the basis of non-asteroseismological methods. In all cases, these objects are part of binary systems with companions being either a dM star or a white dwarf. In the first case, the light curve is characterized by a reflection effect, while in the second case, it bears the signature of an ellipsoidal effect. Except for HS 2333+3927 and AA Dor, these objects are all eclipsing systems, and the eclipses have been of fundamental importance in the search for orbital solutions. Among them, only 2M 1938+4603 is known to pulsate (the system is very similar to PG 1336−018), but no detailed asteroseismological analysis has been carried out yet on that particular star. Light curve modeling coupled to spectroscopic observations have been used to infer the mass of the sdB component in these systems.
For the present needs, we have retained the estimate of the mass of the sdB star in KPD 0422+5421 provided by Orosz & Wade (1999) , the more modern value of Lee et al. (2009) for PG 1241−084 (HW Vir), the value inferred by Geier et al. We could not retain the estimates derived for HS 0705+6700, HS 2333+3927, and NSVS 14256825 because uncertainties were not provided in these studies. The knowledge of such uncertainties is necessary to build up the mass distribution (see below). We also did not keep the values of the mass of the sdB component in PG 1336−018 from Vuckovic et al. (2007) because we already have an asteroseismological estimate for it as explained above.
We are thus left with a subsample of seven stars. We show their locations in the log g−T eff diagram in Fig. 1 through the use of small crosses. The values of the surface gravity and effective temperature are those listed in Table 2 and come from the appropriate references. In what follows, we will refer to our collection of 22 stars made of 15 pulsators augmented by the seven targets described in this subsection as our "extended sample". In this extended sample, at least 11 objects are known to be part of close but noninteracting binary systems, including four pulsators.
Given that binarity has no incidence on pulsational instabilities as pointed out above, there is no a priori reason to expect that the pulsator sample would lead to a biased mass distribution, unless our asteroseismological approach suffers from systematic effects. Along with the compelling result found by Charpinet et al. (2008) on PG 1336−018 as described in the Introduction, we obtain additional strong evidence that this is not the case by comparing the average masses of various subsamples: thus, the mean mass (straight average, not weighted) of the extended sample is 0.470 M , that of the sample of 15 pulsators is 0.470 M , that of the seven binary sdB components retained from Table 2 is 0.468 M , that of the subsample of the 11 sdB components in binary systems is 0.471 M , and that of the 11 apparently single stars is 0.468 M . 
The mass distribution of sdB stars
We found it instructive at first to consider our extended sample of 22 stars and attempt to model it in terms of a normal distribution. In this, we follow part of the discussion presented by Kiziltan et al. (2010) on the mass distribution of neutron stars, a paper that we found particularly enlightening. Following these authors, we built a likelihood function for a normal mass distribution characterized by a mean value μ and a standard deviation σ,
In this equation, the m i 's and σ i 's are, respectively, the mass estimates and their associated uncertainties for each of the N = 22 stars retained from Tables 1 and 2 . The uncertainties on the mass estimates are assumed to arise from normal distributions. Numerical maximization of the likelihood function in 2D space yields maximum likelihood estimates for the Gaussian mean μ and half-width σ of the normal mass distribution assumed for our sample of stars. Figure 2 , showing the derived likelihood surface in the form of contours, summarizes the results of this optimization exercise. We find a mean mass of μ = 0.469 M and a standard deviation of σ = 0.024 M 1 . We compare the measured masses of the sdB stars in our extended sample with the expectations of the derived normal distribution in Fig. 3 . From top to bottom, and in order of appearence in Tables 1 and 2 , we plotted the values of the inferred masses and their uncertainties for the 15 objects belonging to our asteroseismological sample (solid error bars), as well as those of the seven additional stars culled from the binary sample (dotted error bars). In comparison, the solid vertical line shows the mean value, while the two sets of dotted vertical lines define the central 68.3% (inner lines) and 95.4% (outer lines) probability intervals associated with the derived normal distribution. Although Fig. 3 certainly suggests that the mass distribution of our sample of 22 stars can quite reasonably be modeled in terms of a Gaussian law, the "true" distribution does not have to be a normal one. We therefore decided to next construct a purely empirical, model-free mass distribution, but still based on the minimal assumption that the inferred σ i 's associated with the Table 2 are shown by dotted error bars. The solid vertical line illustrates the peak value of the likelihood function for our full sample of 22 stars, μ = 0.4687 M , while the accompanying two sets of dotted vertical lines define the central 68.3% (inner lines) and 95.4% (outer lines) probability intervals associated with the assumed model normal distribution. measured masses obey normal distribution laws. Hence, an empirical mass distribution can readily be constructed by adding together suitably normalized Gaussians, each representing a measurement and its uncertainty.
The outcome of this operation is shown in Fig. 4 , where the red curve illustrates the resulting raw distribution. Clearly, there is no useful information, for example, in the two spikes that dominate the distribution, if not for the fact that they correspond simply to two stars with masses particularly accurately measured. Hence, it seems sensible to degrade the "resolution" Fig. 4 . Raw mass distribution of sdB stars (red curve) obtained by adding together 22 Gaussians, each representing a measurement defined by a mass value and its associated 1σ uncertainty. The individual Gaussians are shown in black; as solid curves for the 15 pulsators, and dotted curves for the seven objects culled from Table 2 . The area under each individual Gaussian is normalized to the same value so as to correspond to the contribution of 1 star. The ordinate is on an arbitrary scale. The blue dotted curve shows the normal distribution characterized by μ = 0.4687 M and σ = 0.0242 M . It is normalized in such a way as to have the same area under its curve as the raw distribution, corresponding to a total number of 22 objects. The dotted vertical line segments are used in the eventual conversion of the raw distribution (red curve) into the form of an histogram (see text).
of the raw distribution in order to get rid of this useless information. This is best done by binning the distribution in the form of an histogram. To help choosing the best binning strategy, we resorted to the normal distribution inferred above (the blue dotted curve in Fig. 4 ). From it, we picked a central mass bin centered on the mean value μ = 0.469 M , and a bin width, or "resolution element", equal to the standard deviation of σ = 0.024 M . The resulting bin distribution is depicted by the vertical dotted line segments in Fig. 4 . The final outcome, and the central result of this paper, is the empirical mass distribution for sdB stars shown in the form of an histogram in Fig. 5 . The distribution is sharply peaked around a mean value of 0.470 M . Its median value is equal to 0.471 M , essentially the same as the mean, which implies a rather symmetrical distribution. Some 15.85% of the stars in the distribution have masses smaller than 0.439 M , and another 15.85% have masses larger than 0.501 M .
We also obtained similar mass distributions for various subsamples of stars culled from Tables 1 and 2 . Our results are summarized in Table 3 . In particular, we find that the mass distribution derived from our sample of 15 pulsating sdB stars is practically indistinguishable from that of our extended sample. Otherwise, taking into account the small numbers of stars in the various subsamples, Table 3 suggests no detectable significant differences between the various distributions. Of particular interest, we find no important differences between the distributions derived from our sample of 15 pulsators (Table 1) and from the sample of seven sdB stars with masses obtained through classical methods (Table 2) . Likewise, we find no significant differences between the mass distribution inferred from the 11 binary systems considered in this study and that based on the 11 apparently single stars.
Discussion
The empirical mass distribution for sdB stars that we presented above is certainly limited by the fact that the total number of stars involved is still rather small (15 in the asteroseismological sample, and 22 in the extended sample). Nevertheless, we found it interesting and instructive to compare it at the qualitative level with predictions of stellar evolution theory. Figure 6 thus illustrates the empirical mass distribution (histogram) based on our extended sample in relation to the expected range of possible sdB masses (red boundaries) according to the calculations of Dorman et al. (1993) for single star evolution. The upper limit of the Dorman et al. range is rather sharply defined and corresponds, in their computations, to the limiting A12, page 6 of 8 Fig. 6 . Comparison of the empirical mass distribution of sdB stars based on our full sample of 22 stars (histogram) with the range of possible masses predicted by single star evolution according to Dorman et al. (1993) ; the red lines mark the (sharp) upper and (fuzzy) lower boundaries of this range. Another comparison is provided by the blue curve which shows one of the predicted mass distributions of sdB stars due to binary evolution according to Han et al. (2003) . The blue curve has been normalized such that the area under it is equal to the area occuped by the histogram (corresponding to the total number of stars in the sample).
mass above which a star will ascend the AGB instead of becoming a sdB object. On the other hand, the lower limit is more fuzzy and corresponds to the still uncertain value of the required mass to ignite helium in the core for stars on the EHB. Figure 6 further allows a comparison with one (blue curve) of the detailed mass distributions -as opposed to a simple mass range as in the previous case -predicted by Han et al. (2003) who investigated several binary star formation channels for sdB stars. Binary scenarios allow for the formation of broader wings in the mass distribution as compared to single star scenarios. The full mass distribution expected from such scenarios is given by the solid curve in Fig. 22 of Han et al. (2003) . However, as discussed by these authors, care should be exercised when comparing that distribution with empirical data because it is sensitive to selection effects. In particular, in the present case, our sample stars all come from surveys that systematically discriminate against binary systems with main sequence companions that would be brighter than the sdB components. In that case, according to Han et al. (2003) , we have to apply the so-called GK selection criterion to their theoretical mass distribution. This eliminates essentially all of the low-mass sdB stars produced by the Roche lobe overflow formation channel, and we are left with the dashed curve (the blue curve in our Fig. 6 ) in Fig. 22 of Han et al. (2003) , made primarily of the products of common envelope evolution and stellar mergers.
We find that our empirical mass distribution agrees quite well with the expectations of stellar evolution theory, at least at the qualitative level. For instance, most of the stars (86%) in our extended sample have masses that fall right within the mass range (0.40−0.52 M ) predicted by Dorman et al. (1993) on the basis of single star evolution, while the presence of low-and highmass wings in the distribution, expected from binary evolution scenarios, is also clearly revealed in our Figs. 5 and 6. There could be already an indication that the merger scenario produces too many (massive) stars as judged from the comparison of the predicted high-mass wing of the dotted curve with the rather symmetrical empirical distribution. Also, the average mass of the Han et al. (2003) distribution shown in Fig. 6 is 0.499 M , to be compared with an average empirical mass of 0.470 M . We warn, however, that this result is only suggestive at this stage. And indeed, it would be highly premature to attempt discriminating between single star and binary evolution scenarios on the basis of our empirical mass distribution as the numbers involved are still too small.
The encouraging results presented in this paper should provide added impetus toward the goal of building up an improved and more statistically significant empirical mass distribution for sdB stars in the years to come. In this endeavor, asteroseismology is likely to keep a central role, given that there are several additional targets (p-mode pulsators already observed from the ground, and g-mode pulsators being observed from space) that have already proven to be suitable for detailed seismic analyses.
